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Abstract: This paper outlines an innovative and feasible flight control scheme for a rotary-wing
unmanned aerial system (RUAS) with guaranteed safety and reliable flight quality in a gusty
environment. The proposed control methodology aims to increase gust-attenuation capability of
a RUAS to ensure improved flight performance when strong gusts occur. Based on the design of
an effective estimator, an altitude controller is firstly constructed to synchronously compensate
for fluctuations of the main rotor thrust which might lead to crashes in a gusty environment.
Afterwards, a nonlinear state feedback controller is proposed to stabilize horizontal positions of
the RUAS with gust-attenuation property. Performance of the proposed control framework is
evaluated using parameters of a Vario XLC helicopter and high-fidelity simulations show that
the proposed controllers can effectively reduce side-effect of gusts and demonstrate performance
improvement when compared with the proportional-integral-derivative (PID) controllers.
Keywords: UAS; flight control; PD control; feed-forward control; gust-attenuation.
1. INTRODUCTION
Rotary-wing UASs have received increasing interest over
the past few decades due to their suitability for a wide
variety of applications ranging from traffic inspection,
fire detection and agriculture survey to surveillance and
reconnaissance, coastal scientific investigation and battle-
field loss assessment (Yang [2011]). However, the fact that
flight performance of a small RUAS deteriorates greatly
in a windy environment hampers applications to maritime
flight missions. In a maritime environment, the RUAS
operates in a partial ground-effect condition where both
the magnitude of the rotor flow and the inflow distribution
over the rotor disk vary greatly (Xin et al. [2001]). This
phenomenon results in a considerable change in the aero-
dynamic loading of rotors, and affects the RUAS control
margins, autopilot workload and power margins. Also,
landing tasks may occur in an adverse environment where
gusts come from any direction relative to the RUAS. On
such occasions, it is impractical to ensure a safe landing
through maneuvering the ship or landing deck. An alterna-
tive approach is to acquire the characteristics of turbulent
gusts based on available measurements, and design an
active controller to attenuate gust effects. Therefore, inves-
tigating novel approaches for wind gusts compensation is
significant. The main difficulty in estimating gusts results
from the complex mechanism of vortex dynamics near the
ship deck. Previous study (Fang and Booij [2006]) showed
that the air-wake turbulence caused by high-speed wind
greatly impairs controllability of a RUAS, and leads to
exorbitant control efforts to avoid accidents. In rough seas
where there are significant variations in horizontal gust
velocity, random wind gusts unavoidably lead to abrupt
changes in thrust level. Therefore, dynamic performance
of a RUAS is deteriorated, and pure feedback driven con-
trollers fail to stabilize the heave motion. This difficulty
justifies the need for a controller with gust attenuation
property.
Research in controlling RUASs in a gusty environment has
received considerable attention recently. Cheviron et al.
[2009] proposed a robust guidance and control scheme for
an autonomous helicopter in the presence of wind gusts. A
high-gain observer was used to reconstruct the unknown
inputs, and time derivatives of the inputs were assumed to
be uniformly bounded. This observer requires prior infor-
mation on bounds of the unknown inputs. Also, construc-
tion of the uncertainties/disturbances requires solving the
Lyapunov equation online, which makes it difficult to be
implemented in real-time applications. By constructing a
disturbance observer, Leonard et al. [2012] designed two
approaches of robust controllers for a Tiny CP3 heli-
copter model under lateral and vertical gusts based on the
feedback linearization technique. Horn and Bridges [2007]
presented a model following controller based on an airwake
compensator, and the control method was implemented on
a simulation model of a UH-60A Black Hawk helicopter. It
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was shown that fluctuations in aircraft angular rates and
attitudes are significantly reduced. Martini et al. [2008]
addressed control of a model-scale helicopter under wind
gusts. The disturbances in their paper were vertical wind
gusts with typical levels less than 1m/s. Alexis et al. [2010]
designed a constrained finite time optimal controller for
trajectory tracking of an unmanned quadrotor helicopter,
and showed that the proposed controller can attenuate
gust disturbances. Koumboulis [1998] derived a general
analytic expression of feedback controller to satisfy the
disturbance rejection design requirement. Performance of
the proposed controller was verified via the simulations on
a SA-330 PUMA helicopter with zero external commands.
Classical controllers such as the PID are widely used for
helicopter control (Kim and Shim [2003], Sanders et al.
[1998]). In the considered application, there are several
limitations of the proportional-derivative (PD) controller
when applied for height control. The PD controller requires
high gains to respond to gust disturbance rapidly, and
large gains would lead to system instability when main
rotor thrust is subject to severe fluctuations when gusts
occur. Also, the PD controller cannot provide synchronous
compensation and corrective action is performed after the
height deviates from the desired setpoint. In contrast, a
PD controller working in parallel with a feed-forward con-
troller can compensate for gust influence synchronously,
whilst keeping PD gains within a reasonable range for
feasible implementation. Therefore, by constructing a gust
estimator based on available measurements, the amount
of collective pitch required to compensate for gusts can be
computed, and put into the feed-forward loop to attenuate
gust influence. Also, in a windy environment, deviation
from the desired trajectory is more likely to happen and
tracking performance of the RUAS would deteriorate.
Therefore, an effective flight control system is required to
improve gust-attenuation property and accurate tracking
performance of the RUAS in a gusty environment.
The present research is dedicated to developing a control
scheme for safe operating of RUASs, which aims to attenu-
ate gust effects and enhance robust position tracking abil-
ity in a windy environment. The control scheme consists of
two separate controllers with one for height control and the
other for horizontal position control. The height control
begins with analysis of heave dynamics under wind gusts.
By designing an effective gust estimator, we construct a
feed-forward compensator in parallel with the PD con-
troller for height stabilization. The height controller can
simultaneously compensate for thrust fluctuations when
gusts occur. Also, a nonlinear horizontal position controller
is presented based on the H∞ theory. This off-line con-
troller is derived based on the gust attenuation criterion.
Its computational burden is small as it only needs to
solve the Riccati equation once and use the solution to
iteratively compute control gain matrices. Performance of
the proposed control scheme is verified using parameters
of the Vario XLC RUAS in a gusty environment.
2. HEIGHT CONTROL USING A FEED-FORWARD
COMPENSATOR
2.1 Heave Motion Dynamics under Wind Gusts
Heave motion dynamics of a RUAS can be described by
w˙ =
Mag − Tmr
Ma
(1)
z˙ = w (2)
Here, w and z are vertical velocity and height, Ma is the
mass of the RUAS. The main rotor thrust Tmr is subject
to fluctuations when gusts occur.
The oncoming air stream velocity V∞ consists of two com-
ponents Vt and Vn which are tangential and perpendicular
to the tip-path-plane,
V 2
∞
= V 2t + V
2
n (3)
The relationships between air stream velocity components
and velocity components of the RUAS (u, v, w) are de-
scribed by (Garratt [2007])
V 2t = u
2 + v2 (4)
Vn = (a1 + is)u− b1v − w (5)
where the main rotor shaft angle is denoted by is.
Since flapping angles (a1, b1) rarely exceed 10 degrees
during normal flight (Garratt [2007]), compared with the
perpendicular component Vn, it is seen from Eq. (4)-(5)
that the tangential component Vt is dominant and referred
to as gusts in the following context. The perpendicular
component Vn can be approximated by vertical velocity w
with opposite sign due to the small quantities of (a1 + is)
and b1 (a1, b1 < 50, is < 100) (Garratt [2007], Bramwell
et al. [2001]).
The main rotor thrust (Tmr) is generally controlled using
the collective pitch control (θcol). The collective pitch
controls the mean angle of attack of the rotor blades and
hence the lift that is generated. The thrust equation is
Tmr =
ρalNbAb(ΩmrRb)2
2
[
θcol
3
(
1 +
3V 2t
2Ω2mrR
2
b
)
−
Vn + Vi
2ΩmrRb
]
(6)
where al and Ωmr are lift curve slope and angular velocity
of the main rotor. ρ and Nb denote air density and the
number of blades. The rotor blade area is Ab = Rbcmr with
rotor radius and blade chord described by Rb and cmr.
Eq. (6) can be rearranged into
Vi = 2ΩmrRb[
θcol
3
(1 +
3V 2t
2Ω2mrR
2
b
)−
Tmr
Bt
]− Vn (7)
where Bt = 0.5ρalNbAb(ΩmrRb)2.
Another formula is needed to solve for the unknowns
Vi and Tmr. We use Glauert’s formula (Garratt [2007],
Seddon [1990]),
V 2i =
√
(
Vˆ 2
2
)2 + (
Tmr
2ρAd
)2 −
Vˆ 2
2
, Vˆ =
√
V 2t + (Vn + Vi)
2 (8)
The formula is reported to be true for all loading distribu-
tions on occasions when high speed gusts are encountered
(Bramwell [1976]). Equations (7)-(8) are coupled nonlinear
equations which must be solved numerically to find the
estimated gusts. Bisection method is used to solve the
nonlinear equations.
The bisection search method requires that the equation
should be expressed in terms of only one unknown variable.
We eliminate Vi by substituting Eq. (7) in Eq. (8) and end
up with an equation involving the single unknown V 2t . We
then need to solve the resulting equation f(V 2t ) = 0 where
f(V 2t ) is given by Eq. (9):
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Fig. 1. Flow chart for implementation of the gust estimator
f(V 2t ) =
√
[V 2t + (Vn + Vi)
2]2
4
+ (
Maaz
2ρAd
)2−
V 2t + (Vn + Vi)
2
2
−V 2i
(9)
Here, az is vertical acceleration and the estimated gusts Vˆ 2t
can be obtained using the bisection algorithm depicted in
Fig. 1.
The procedure for estimating the gust levels Vˆ 2t and cor-
responding induced velocity Vˆi is shown in Fig. 1. Firstly,
moving average filters (MAFs) are adopted with proper
window width to filter measured acceleration, velocity and
collective pitch. Afterwards, through setting a suitable
searching scope and an error tolerance, we can solve the
dynamic equations of heave motion (1)-(2) to acquire es-
timated gusts Vˆ 2t and induced velocity Vˆi.
2.2 A Feedback-feedforward Controller
The proposed height controller consists of two parts.
The first part is to design a PD controller to achieve
satisfactory dynamic performance when no gusts occur;
the second part aims to calculate the required collective
pitch to compensate for dynamic variations when gusts
occur.
The architecture of the height control strategy is illus-
trated in Fig. 2. Our ultimate purpose is to calculate the
required collective pitch ∆θ, and add it to the nominal
collective pitch generated by the PD controller (collective
pitch required when no gusts occur) to compensate for
dynamic variations. The height control law θc is
θc = KFp(z
d − z) +KFdw +∆θ (10)
where zd is the desired height, KFp and KFd are propor-
tional and derivative gains.
The introduction of ∆θ aims to indicate how much collec-
tive pitch deviates from the nominal value. The collective
pitch offset ∆θ is calculated through subtraction of θ|V 2t =0
from θ|V 2t =Vg , which is
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Fig. 2. Architecture of the height control strategy
∆θ = θ|V 2
t
=Vg
− θ|V 2
t
=0
=
3
(
Tmr
Bt
+
Vˆig+Vng
2ΩmrRb
)
1 +
3Vˆ 2
t
2Ωmr2R2b
− 3
(
Tmr
Bt
+
Vˆi0 + Vn0
2ΩmrRb
)
(11)
Here, symbol θ|V 2t =Vg represents the required collective
pitch when gust levels are Vg, and the required collective
pitch when no gusts occur is denoted by θ|V 2t =0. Coeffi-
cients Vˆig and Vng denote the estimated induced velocity
and vertical component of the air stream (Vng is approx-
imated by w with the opposite sign) when Vˆ 2t = Vg, and
Vˆi0 and Vn0 when no gusts occur. As we are only concerned
with the hover state, vertical components Vng and Vn0
in Eq. (11) can be set to 0, and thrust Tmr is replaced
with weight Mag of the RUAS. Therefore, Equation (11)
becomes
∆θ = θ|V 2
t
=Vg
− θ|V 2
t
=0
=
3
(
Mag
Bt
+
Vˆig
2ΩmrRb
)
1 +
3Vˆ 2
t
2Ωmr2R2b
− 3
(
Mag
Bt
+
Vˆi0
2ΩmrRb
)
(12)
It is seen that the required collective pitch ∆θ to remove
the steady-state error in the height can be obtained,
provided the estimates of Vˆig and Vˆ 2t are available, which
are outputs of the gust estimator. The resultant ∆θ is
combined with the PD controller to increase the gust-
attenuation capacity of the RUAS. When no gusts occur,
the PD controller enables the RUAS to hover at the desired
height. Once gusts occur, the feedforward part computes
the instantaneous amount of collective pitch ∆θ given by
Eq. (12). It is seen that ∆θ is the required amount which
should be added to control command to compensate for
dynamic changes in collective pitch caused by gusts.
3. NONLINEAR H∞ CONTROL OF A RUAS
3.1 Nonlinear Aircraft Dynamic Model
In Section 2, we showed that height of the RUAS can
be stabilized in a gusty environment by incorporating
a PD controller with a feed-forward compensator, and
that control of yaw motion can also be achieved by the
existing PD controller. This implies main rotor thrust
Tmr and tail rotor thrust Ttr can be considered constant
when designing the nonlinear controller. In this section,
particular emphasis is placed on the more challenging
task of rapid control of RUAS horizontal positions in the
presence of wind gusts. The mathematical description of
the nonlinear RUAS model under investigation is
$
Table 1. Configuration parameters of Vario
helicopters
Dmx(m) Dmy(m) Dmz(m) Dtx(m) Dty(m) Dtz(m)
0.036 −0.0029 −0.3321 −1.4440 −0.0029 1.1379
x˙b = u+ d1 (13)
y˙b = v + d2 (14)
u˙ = rcv − qwc +
Tmr
Ma
a1 − gθ + d3 (15)
v˙ = −rcu+ pwc +
Tmr
Ma
b1 +
Ttr
Ma
+ g(φ+ φ0) + d4 (16)
p˙ = k1pq + k2qrc + (k3kβ + k3TmrDmz + k4TmrDmx)b1
+ k3TtrDtz + k4
Pmr
Ω
+ k4TtrDtx + d5 (17)
q˙ = k5prc + k6(r
2
c − p
2) + k7(−kβ − TmrDmz)a1 + d6
(18)
φ˙ = p+ q(φ+ φ0)θ + rcθ + d7 (19)
θ˙ = q − rc(φ+ φ0) + d8 (20)
where control inputs are longitudinal flapping a1 and lat-
eral flapping b1; (xb, yb) are horizontal positions; (u, v, wc)
and (p, q, rc) are linear and angular velocities with the
subscript c indicating that the yaw rate rc and vertical
velocity wc are obtained from onboard sensors (inertial
measurement unit and GPS). Control inputs are longitu-
dinal flapping a1 and lateral flapping b1, and disturbance
input is d(·). The roll and pitch are denoted by φ and θ, and
the offset φ0 is added to establish the desired equilibrium
point. The parameters k(·) are listed as follows
ξ = IxxIzz − I2xz k1 =
Ixz(Ixx − Iyy + Izz)
ξ
k2 =
Izz(Iyy − Izz)− I2xz
ξ
k3 =
Izz
ξ
k4 =
Ixz
ξ
k5 =
Izz − Ixx
Iyy
k6 =
Ixz
Iyy
k7 =
1
Iyy
where Ixx, Iyy, Izz and Ixz are moments of inertia and
product of inertia; kβ is the center-spring rotor stiffness,
Ω the main rotor angular speed, and Pmr the main
rotor power. Geometry parameters of the Vario helicopter
Dmz, Dtz, Dmx and Dtx are listed in Table 1.
The main rotor flapping dynamics are described by
a˙1 = −q −
a1
τm
+
1
τm
(
∂a1
∂u
u+ ClonBlon) (21)
b˙1 = −p−
b1
τm
+
1
τm
(
∂b1
∂v
v + ClatAlat) (22)
where the main rotor time constant τm and lock number
γf are
τm =
16
γfΩmr
; γf =
ρcmralR4b
Iβ
(23)
where Iβ is the flapping moment of inertia. The lock num-
ber γf is a non-dimensional scaling coefficient, describing
the ratio of aerodynamics to inertia forces acting on a
rotor blade. Symbols Clon and Clat are effective steady-
state longitudinal and lateral gains, Blon and Alat are
longitudinal cyclic and lateral cyclic. The Dihedral effect
is
∂a1
∂u
= −
∂b1
∂v
=
2
ΩmrRb
(
8CT
alσb
+
√
CT
2
)
(24)
where σb is the solidity ratio, and CT thrust coefficient.
Remark 1. For model-scale helicopters, control forces and
moments are mainly generated by main rotor and tail
rotor. Forces and moments from fuselage, empennage and
vertical fin are neglected.
Remark 2. Control inputs in the controller design process
are set to be longitudinal flapping and lateral flapping.
They will be converted later into longitudinal cyclic and
lateral cyclic for implementation.
The following vectors are defined for the purpose of con-
troller design,
x = [xb, yb, u, v, p, q,φ, θ]
T
ω = [d1, d2, d3, d4, d5, d6, d7, d8]
T
Uc = [a1, b1]
T
which lead to a compact form of system dynamics
x˙ = f(x) + g1(x)ω + g2(x)Uc (25)
zm = h(x) + l(x)Uc (26)
Here, x ∈ R8 is plant state, ω ∈ R8 disturbance, and
Uc ∈ R
2 control input, and zm ∈ R
10 is a penalty variable.
It is assumed that all functions involved are smooth and
defined in a neighborhood Ue of the origin in R
8 and
f(0) = 0, h(0) = 0. The following assumptions are also
made,
hT (x)l(x) = 0; lT (x)l(x) = Rh (27)
where Rh ∈ R
2×2 is a nonsingular constant matrix, and is
chosen to be symmetric to facilitate controller design.
3.2 Design of a Nonlinear H∞ Controller
The design approach is based on the theory proposed
in (Khalaf et al. [2006]) with modifications to account
for our RUAS aerodynamics. The control objective is to
design a controller Uc = L(x) to achieve satisfactory
closed-loop system performance evaluated either in time
domain (overshoot, steady-state error and settling time
etc.) or in frequency domain (gain and phase margin). It
is expected that the initial state departing in the vicinity of
the equilibrium point converges to the equilibrium point
when time goes to infinity. The disturbance attenuation
capability can be described as (Isidori and Astolfi [1992]):
Given a real number 0 < γh < 1, it is said that the
exogenous signals are locally attenuated by γh if there
exists a neighborhood Ue of the point x = 0 such that for
every T > 0 and for every piecewise continuous function
ω : [0, T ], the sate trajectory starting from x0 = 0 remains
in Ue for all t ∈ [0, T ], and the response zm : [0, T ] satisfies∫ T
0
zTm(s)zm(s)ds ! γ
2
h
∫ T
0
ωT (s)ω(s)ds (28)
The design approach begins with Taylor series expansion
of the nonlinear functions in Eq. (25)-(26),
I
f(x) =
∞∑
i=1
Aix
(i) = A1x+ f
[2+](x) (29)
h(x) =
∞∑
i=1
Cix
(i) = C1x+ h
[2+](x) (30)
g1(x) = B1 + g
[1+]
1 (x) (31)
g2(x) = B2 + g
[1+]
2 (x) (32)
where f [2+](x), h[2+](x), g[1+]1 (x) and g
[1+]
2 (x) are high-
order expansions.
For our RUAS model shown in Eq.(13)-(20), f(x) has a
third-order expansion, and the three terms A1 ∈ R
8×8,
A2 ∈ R
8×64 and A3 ∈ R
8×512 are large sparse matrices
with a small number of non-zero values. The non-zero
elements with their indices are listed below
A1(1, 3) = 1 A1(2, 4) = 1
A1(3, 4) = rc A1(3, 6) = −wc
A1(3, 8) = −g A1(4, 3) = −rc
A1(4, 5) = wc A1(4, 7) = g
A1(5, 5) = k1q A1(5, 6) = k1p+ k2rc
A1(6, 5) = k5rc − 2k6p A1(7, 5) = 1
A1(7, 6) = (φ+ φ0)θ A1(7, 7) = qθ
A1(7, 8) = q(φ+ φ0) A1(8, 6) = 1
A1(8, 7) = −rc
A2(5, 38) = k1 A2(5, 45) = k1
A2(6, 37) = −2k6 A2(7, 47) = θ
A2(7, 48) = φ+ φ0 A2(7, 54) = θ
A2(7, 56) = q A2(7, 62) = φ+ φ0
A2(7, 63) = q
A3(7, 376) = 1 A3(7, 383) = 1
A3(7, 432) = 1 A3(7, 446) = 1
A3(7, 495) = 1 A3(7, 502) = 1
and Ai = 0 for i > 3.
The functions g1(x) and g2(x) can be expanded to the
first-order,
B1 = B
0
1 = [B11, . . . , B18] = I8 (33)
B2 = B
0
2 = [B21, B22] (34)
Here, most of the elements in B21, B22 ∈ R
8×1 are zero
and indices of non-zero elements are shown below
B21(3, 1) =
Tmr
Ma
; B21(6, 1) = k7(−kβ − TmrDmz)
B22(4, 1) =
Tmr
Ma
B22(5, 1) = k3kβ + k3TmrDmz + k4TmrDmx
The constant matrices h(x) and l(x) are given by the
expressions
h(x) =


x1
δ · x2
. . .
δ · x8
0 · · · · · · 0
0 · · · · · · 0


10×8
l(x) =
[
O8×2
I2
]
10×2
(35)
where δ is a non-negative real number for making the
controller design trade-off.
Linear Part of the H∞ Controller
The linear part of the H∞ controller can be obtained after
solving the algebraic Riccati equation described by
HTpxP¯ + P¯Hpx + P¯HppP¯ x+Hxx = 0 (36)
with the following definitions
Hpx = A1; Hxx = C
T
1 C1; Hpp =
B1BT1
γ2
h
−B2R
−1
h
BT2 (37)
The solution P¯ is required to construct the controller.
Equation (36) can be rearranged into standard H∞-like
Riccati Equation form (Rh = I2)
AT1 P¯ + P¯A1 − P¯
[
B1 B2
] [ −γ2hIm1 Om1×m2
Om2×m1 Im2
]
−1
×
[
BT1
BT2
]
P¯ + CT1 C1 = 0 (38)
where m1 = 8,m2 = 2 and γh is the attenuation factor.
Remark 3. The rank of the controllability matrix MC
rank MC = rank
[
B2 A1B2 · · · A
7
1B2
]
= 8 (39)
This indicates the system is controllable (full-row rank).
Also, for the observability matrix MO,
rank MO = rank
[
C1 C1A1 · · · C1A
7
1
]T
= 8 (40)
Thus, the system is observable, and the unique positive
semi-definite matrix P¯ exists (Zhou et al. [1995]).
Nonlinear Part of the H∞ Controller
The nonlinear part of the controller involves iterative com-
putation of several intermediate matrices. The resultant
controller weighting matrices aims to deal with high-order
dynamics of the helicopter.
The following notations are introduced
x(0) = 1 x(1) = x (41)
x(i) = x⊗ x⊗ · · ·⊗ x︸ ︷︷ ︸
i factor
, i = 2, 3, · · · (42)
where ⊗ is the Kronecker product. Similarly, it is also
defined that
x[0] = 1 x[1] = x, (43)
x[k] = [xk1 , x
k−1
1 x2, · · · , x
k−1
1 xn, x
k−2
1 x
2
2, · · · , x
k
n]
T , k ≥ 1
(44)
Constant matrices Mk and Nk can be used to set up
relationship between x(k) and x[k]
x[k] =Mkx
(k); x(k) = Nkx
[k] (45)
where Mk ∈ R
C(nx,k)×n
k
x and Nk ∈ R
nkx×C(nx,k) satisfy
MkNk = I
[k]
nx
(46)
Here, I [k]nx is an identity matrix of dimension
C(nx, k) := C
k
nx+k−1 =
∏k
i=1(nx + k − i)
k!
(47)
In our case, the number of states nx = 8.
We adopt the following operator row(A) which maps
n by m matrix A = (a)ij to a 1 by mn row vector
row(A) = [a11, a12, · · · , a1m, · · · , an1, · · · , anm] (48)
Also, for any integers i ≥ 1, k ≥ i, and row vector P¯ ∗k
of dimension nkx, there exists a matrix P¯
i
k ∈ R
nx×n
k−1
x
determined by P¯ ∗k such that
J
P¯ ∗k (x
(i−1) ⊗ Inx ⊗ x
(k−i)) = (P¯ ikx
(k−1))T (49)
where P¯ ∗k is partitioned to a 1 by n
i
x block matrix taking
the form
P¯ ∗k =
[
P1 · · · 11︸ ︷︷ ︸
i tuple
· · ·P1 · · · 1nx︸ ︷︷ ︸
i tuple
· · ·Pnx · · ·nx1︸ ︷︷ ︸
i tuple
Pnx · · ·nxnx︸ ︷︷ ︸
i tuple
]
(50)
in which Pj1,··· ,ji , 1 ≤ j1, · · · , ji ≤ nx is a row vector of
dimension nk−ix . The resultant matrix P¯
i
k is given by
P¯ ik =


P1 · · · 11︸ ︷︷ ︸
i tuple
P1 · · · 21︸ ︷︷ ︸
i tuple
· · · Pnx · · ·nx1︸ ︷︷ ︸
i tuple
P1 · · · 12︸ ︷︷ ︸
i tuple
P1 · · · 22︸ ︷︷ ︸
i tuple
· · · Pnx · · ·nx2︸ ︷︷ ︸
i tuple
...
...
...
...
P1 · · · 1nx︸ ︷︷ ︸
i tuple
P1 · · · 2nx︸ ︷︷ ︸
i tuple
· · · Pnx · · ·nxnx︸ ︷︷ ︸
i tuple


The controller design process is as follows:
Let S2 = P¯ , and the following intermediate matrices are
computed
W 2ij = row(S2B
1
ij) = 0; i = 1, 2; j = 1, ..., 8 (51)
Y 111 = B
T
11S
T
2 = B
T
11P¯ (52)
E3 = row(P¯A2) (53)
F3 =
2∑
l=1
(CTl C3−l) = 0 (54)
I13 =
2∑
l=2
8∑
j=1
row((W l1j)
TY 3−l1j ) = 0 (55)
I23 =
2∑
j=1
row((W 22j)
TY 12j) = 0 (56)
Then,
H3 = −(E3 +
F3 − 2I23
2
+
I13
γ2h
)N3 = −E3N3 (57)
N3 = x
(3)(x[3])−1 ∈ R512×120 (58)
Also, the intermediate matrix U3 is
U3 =M3[
3∑
i=1
I(i−1)8 ⊗ T¯ ⊗ I
(3−i)
8 ]N3 (59)
=M3[T¯ ⊗ I
(2)
8 + I
(1)
8 ⊗ T¯ ⊗ I
(1)
8 + I
(2)
8 ⊗ T¯ ]N3 (60)
where
T¯ = Hpx +HppP¯ (61)
Then
P¯3 = H3U
−1
3 P¯
∗
3 = P¯3M3 S3 =
3∑
i=1
(P¯ i3)
T (62)
The next step is to compute P¯4, which is P¯4 = H4U
−1
4 .
The following intermediate matrices are calculated
E4 =
3∑
l=2
row(SlA5−l) = row(P¯A3) + row(S3A2) (63)
F4 =
3∑
l=1
row(CTl C4−l) = 0 (64)
Z4 = row(S3HppS
T
3 ) (65)
W 3ij =
3∑
l=2
row(SlB
4−l
ij ) = row(S2B
2
ij) + row(S3B
2
ij) = 0
(66)
I14 =
3∑
l=2
8∑
j=1
row((W l1j)
TY 4−l1j ) = 0 (67)
G14 =
2∑
l=2
8∑
j=1
row((W l1j)
TW 4−lij ) = 0 (68)
I24 =
3∑
l=2
2∑
j=1
row((W l2j)
TY 4−l2j ) = 0 (69)
G24 =
8∑
j=1
row((W 22j)
TW 22j) = 0 (70)
M4 = x
[4](x(4))−1 ∈ R330×4096 (71)
N4 = x
(4)(x[4])−1 ∈ R4096×330 (72)
Afterwards,
H4 = −
1
2
(Z4 + 2E4)N4 (73)
The U4 can be computed as
U4 =M4[
4∑
i=1
I
(i−1)
8 ⊗ T¯ ⊗ I
(4−i)
8 ]N4 (74)
=M4[T¯ ⊗ I
(3)
8 + I
(1)
8 ⊗ T¯ ⊗ I
(2)
8 + I
(2)
8 ⊗ T¯ ⊗ I
(1)
8 + I
(3)
8 T¯ ]N4
(75)
Afterward,
P¯4 = H4U
−1
4 P¯
∗
4 = P¯4M4 S4 =
4∑
i=1
(P¯ i4)
T (76)
The H∞ controller takes the following form
Uc = (−R
−1
h B
T
2 P¯ )x+ (−R
−1
h
[
BT21S
T
3
BT22S
T
3
]
N2)x
[2]
+ (−R−1h
[
BT21S
T
4
BT22S
T
4
]
N3)x
[3] (77)
The suggested controller satisfies disturbance attenuation
property in Eq. (28). For proof, interested readers can refer
to (Khalaf et al. [2006]).
4. SIMULATION RESULTS
In this section, overall performance of the proposed control
scheme is tested using a 6 degree-of-freedom dynamic
model of a Vario RUAS with simulation parameters consis-
tent with those employed in real applications. Operational
limits in the collective pitch (1o < θcol < 10o) and the rate
limit in servo dynamics (|θ˙col| < 20o/s), are taken into
account in the simulation model. To acquire a reliable per-
formance evaluation of the gust estimator, horizontal gusts
are constructed using Dryden turbulence model (Garratt
C
Table 2. Control gains for PID controllers
kp ki kd kp ki kd
Yaw–PD 0.8 0 1.05 Roll–PD -0.8 0 -0.5
Pitch–PD 0.45 0 0.1 Long.–PD −0.05 0 −0.07
Lat.–PID 0.02 0.005 0.1
[2007]). The Dryden gust model typically captures proper-
ties of atmospheric turbulence at low altitudes and flight
speeds (Lee and Horn [2005]), and can be employed to
generate representative gusts to test performance of the
proposed controller.
Numerous simulations have been carried out for possible
oncoming gusts and performance of the gust estimator is
illustrated in Fig. 3-4 with sampling time of 0.02 s. Two
typical cases are tested, as shown in Fig. 3. In the first
scenario, random gusts with frequent variations are used,
and gusts with high magnitude but less variations in the
second scenario. It is noticed that the estimated gusts
are very close to the gusts generated by Dryden models
(assumed to be real gusts), with maximum estimation
errors of 2.6547m/s and 1.6273m/s. The induced velocity
is also estimated with high accuracy, as shown in Fig. 4.
Here, position gain Kp is 0.15 and derivative gain Kd is
0.045 in the PD controller for height stabilization.
Performance of the height control for the first scenario
using the feedback-feedforward controller is shown in Fig.
5. The instantaneous collective pitch command in the
feedforward loop is depicted in Fig. 5a, and the total
collective pitch command for the main rotor is given in Fig.
5b. It is seen that there are evident oscillations in vertical
velocities when pure PD control is applied (Fig. 5c),
which results in large deviations from the desired height.
In contrast, when the proposed controller is employed,
altitude quickly converges to zero and is not subjected
to fluctuations, as shown in Fig. 5d. Also, height is
consistently stabilized. It is evident that the proposed
controller can effectively compensate for the heave motion
when gusts occur.
The horizontal gusts used to test the nonlinear H∞ con-
troller is shown in Fig. 6. The longitudinal and lateral
flapping commands given in Eq. (77) need to be converted
into longitudinal and lateral cyclic for implementation.
As the flapping reacts instantaneously, the longitudinal
and lateral cyclic can be calculated using a closed-form
linear solution given the desired flapping angles ad1 and b
d
1
generated by the H∞ controller, i.e.,
Blon = qτm − a
d
1 −
∂a1
∂u
u;Alat = −pτm − b
d
1 +
∂b1
∂v
v (78)
For the purpose of comparison, five PID controllers are
designed (altitude is stabilized by the feedforward con-
troller). We firstly tune control gains for the yaw motion.
Then, control of inner-loop (roll and pitch) is achieved by
tuning the gains. Finally, control gains in the outer-loop
are tuned whereas gains in the inner-loop are freezed. The
PID control gains, as shown in Table 2, are selected such
that they can reduce steady-state errors while showing
promising transient responses.
The horizontal position responses are shown in Fig. 7. It is
seen that horizontal positions settle rapidly to the desired
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value (xb, yb) = (0, 0) from initial positions (xb, yb) =
(0.3, 0.3) when the H∞ controller is used. It takes more
than 20s for the PID controller to attenuate gust effect
to an acceptable level, and the fluctuations in positions
cannot be damped completely. It is also seen that hor-
izontal velocities can be quickly stabilized. Comparison
results shown in Fig. 7 demonstrate that the nonlinear
H∞ controller can effectively stabilize horizontal positions
in a gusty environment.
5. CONCLUSION
In this paper, a complete control scheme is proposed to
improve position tracking performance of a RUAS in a
gusty environment. The height control is achieved using
a feedforward stabilizer based on a novel gust estimator,
and horizontal positions are controller by a nonlinear H∞
controller. Comparative studies show that our controller
can settle positions of a RUAS more effectively than PID
controllers when gusts occur.
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